April 8,2018 Math 9
Algebra.

Trigonometry homework review.

The following trigonometric formulas will be useful for solving the homework.

1. Products of sine and cosine

cosacosf = %(cos(a —B) + cos(a + B))

sinasinf = %(cos(a — B) —cos(a + B))

sinacosf = %(sin(cx + B) + sin(a — B))

cosasinf = %(sin(cx + B) — sin(a — B))

2. Sums of sine and cosine

a+ a—
cos(a) + cos(f) = 2 cos > P cos — p
a+ a—
cos(a) — cos(f) = —2sin > p sin > p
a+ a—
sin(a) + sin(B) = 2 sin > p cos — p
. . a a—p
sin(a) — sin(f) = 2 cos > sin >
3. Sine and cosine of double and triple angle
2tana 2cota

sin2a = 2sinacosa = =
1+tan?a 1+ cot?a

1-tan’a _ cot?a-1

cos2a = cos?a —sina =2cos’a—1=1-2sin*a = =
1+tan? «a cot? a+1

sin3a = 3sina — 4sin® «a

cos3a =4cos’a—3cosa



Solutions to selected homework problems:
1. Find the sum of the following series,
S = cosx + cos 2x + cos 3x + cos4x + .-+ cos Nx
(hint: multiply the sum by 2 sinx/2)

Solution 1: Easy way of summing the trigonometric series is by multiplying
and dividing it with sin>,

X X X X X
sing sm;(cos X+C0s 2x+:+-+C0S nx) sinZ cos x+sinz cos 2x+:--+sin7 cos nx

sinZ - sinZ o sinZ
2 2 2
1 . X _..3x . 3x . 5x _. 5x . 1 . 1 1 X . 1
E(_ 51n5+51n7—sm7+sm?—sm7+---—51n(n—5)x+sm(n+5)x) _ E(_ 51n5+51n(n+5)x)
sinZ - sinZ -
2 2
(n+1)x . nx
COS Sin—
2 2
. X
Sin—-

2

Solution 2. A different and perhaps easier way of summing the above
trigonometric series is by adding the expression for S;, or S,, rearranged
from back to front, to itself, as we did when summing the arithmetic series,

S; = cosx + cos 2x + -+ + cosnx
S; =cosnx + cos(n — 1)x + -+ + cosx

Wherefrom,

S, = %((cosx + cos nx) + (cos 2x + cos(n — 1)x) + -+ (cos nx + cosx)) =

(n+1)x X X X
cos— Cos(n—1)5+cos(n—3)5+---+cos(n—1)5 =
. X X . X X . X X
cos (n+1)x (smEcos(n—1)5+sm5cos(n—3)E+~~+51n5 cos(n—l)E) _
2 sing
1/ .. nx . (n=2)x, . (n-2)x _. (n—4)x .. nx .. nx
(n+1)x E(sm7—sm S +sint— sin~———+ ---+sm—) (n+1)x sin—-
COoS T X = - X -
2 siny 2 sin;

It is interesting to look at a function S (x).



10 ' _S,=C0SX+00S2x+.. +C0S 10X 100 i:cosx+coséx+...+008100x
5+ . 50r ]
0O 1 0- i

-5 -50r 7
1% 2 0 2 4 199, 2 0 2 4

Behavior of S (x) is intuitively clear. For x = 0, all terms in the sum are
equal to 1, and the sum equals to the number of terms, S; (0) = n, while for
x # 0 it consists of a large number of positive and negative terms, which
tend to cancel each other.

2. Prove the following equalities:

1 1 (04

: = cot—

sina tana 2

Solution:

a
1 1 1+cosa 2 cos®> a
. = . = . a - COt—
sina tana sina 2 sin- cos— 2

b. sin? (%’T — Za) _ sin? (9?” _ Za) _ Sisga

Solution:

sin? (%ﬂ — Za) — sin? (9?” — Za) = (sin (%T — Za) — sin (9?” — Za)) (sin (%ﬂ —

2a) + sin (9?” — Za)) = 2 cos 2”;4‘1 sin (— g) 2 sin 2n;4a cos (— g) =

—2 sin(m — 2a) cos(m — 2a) 2 sin (g) Ccos (g) = sin4a sin% = Si\r};a

c. (cosa —cosB)? + (sina — sin B)? = 4 sin? %



Solution:

(cosa — cos B)? + (sina — sin )2

,a+p  a—p a+p  _a—p
= 4 sin® ——sin? + 4 cos? sin?
‘ B : B Zﬁ ’ B
a— a+ a+ a—
= 4 sin? (sin2 + cos? ) = 4 sin?
2 2 2
cot?2a—-1 ]
——— — cos 8a cot4a = sin 8«
2cot2a
Solution:
cot?2a-1 cos? 2a—sin? 2a cos4a
————— —cos8acotda = — — cos 8a — = cot4da (1 —
2cot2a 4 2sin2a cos2a sin4a
CosS 4 . . .
cos 8a) = ——2sin? 4a = 2 sin 4a cos 4a = sin 8«

n4a
e. sin®a + cos®a + 3sin?acos?a=1
Solution:

3sina-sin Sa)z 4 (cos 3a+3cos a)z
4 4

3 . 1, . . . .
Zsm2 2a =—(9 sin? a + sin? 3a — 6 sina sin3a + cos?3a + 9 cos? a +

sin® a + cos® a + 3 sin? a cos? a = (

6 cos3a cosa + 12sin? 2a) = 1—16 (10 + 6(cos3acosa —sin3asina) +

6(1 — cos 4a)) = 1—16 (10 + 6 cos4a + 6(1 — cos 4a)) =1

sin 6a+sin 7a+sin 8a+sin 9« _ 15a

cos6a+cos7a+cos8a+cos9a
Solution:

sin6a+sin 7a+sin8a+sin9a __ (sin6a+sin9a)+(sin8a+sin7a)

oS 6a+cos 7a+cos 8a+cos9a (cos6a+cos9a)+(cos8a+cos7a) -
.15 3 .15 1 .15 3 1
2 sin—-a cossa+2 sin—-a cos-a sin—-a cossa+cosza 15
= =tan—a
2

15 3 15 1 15 3 1
2 COS;CZ COSECZ-I'Z COS7C¥ COSECZ COS7CZ COSE(Z+COSE(Z

5+3cos4a

g. sin®a + cos®a = .

Solution:



1 . .
= —(9sin? a + sin? 3a —
4 4 16

6 sin a sin 3a + cos?3a + 9cos? a + 6 cos3acosa) =
1—16 (10 + 6(cos 3a cos a — sin 3a sin a)) = 1—16 (10 + 6 cos4da) =

. 3sina—sin 3a cos3a+3cosa
sin® a + cos® a = (—) + (—)

54+3 cos4a
8

h. 16sin® @ — 20sin® a + 5sina = sin5a
Solution:

sin5a = sina cos 4a + cos a sin4a = sina (2 cos? 2a — 1) +
cosa2sin2a cos2a = sina (2(1 — 2sin?@)? — 1) + 4sina cos? a (1 —
2sin?a) = sina (1 —8sin?a + 8sin*a + 4(1 — sin? a)(1 —

2sin? @) = sina (5 — 20sin? & + 16 sin* @)

C0S 64° cos 4°—c0s 86° cos 26°
Cc0s 71° cos 41°—cos 49° cos 19°

Solution:

COS 64° C0s 4°—C0S86°C0S26° _ €0S60°+C0S 68°—C0s 60°—Ccos112°  cos68°—cos112° 1

Cc0s 71° cos 41°—cos 49° cos 19° c0s 30°4+cos 112°—cos 30°—cos 68° c0s 112°—cos 68°

. . : : 3

j. sin 20°sin 40° sin 60° sin 80° = P
. 1 1
Solution: denote x = 20°, cos 3x = cos 60° = > €OS 6x = cos 120° = —>
sin x sin 2x sin 3x sin4x = sin x sin 3x sin 2x sin4x = 5 (cos2x —

cos 4x) % (cos 2x — cos 6x) = %(cos 2x — (2 cos? 2x — 1)) (COS 2x +

%) = %(cos2 2x — 2cos32x + cos 2x + %cos 2X — Ccos% 2x + %) =

1 1 3
~(1—4cos®2x +3cos2x) =-(1—cosbx) =—
4 4 16
1 V3
" sin10° cos10°
Solution:
1 o V3 . o 1 o V3 . o
1 _ V3 _ 4-Ecos 10 —— Sin 10 _ 4ECOS 10 - sin 10 _ 4Sin(300_100) _ 4

sin 10° cos 10° 2sin10°cos 10° 2sin10°cos 10° sin 20°



Trigonometry homework review. Part 2.

3. Simplify the following expressions:
l. sin? ( + ZB) — sin (— — ZB)
Solution:

sin? (£ +28) — sin? (5 - 23) = (sin (£+2p) —sin (£-28)) (sin (£+

. . . .
Zﬁ’) + sin (5 - 2,8)) =2 cos;sm 2 2 sin - cos 2 = sina sin4p.

m. 2 cos? 3a + vV/3sin6a — 1

Solution:
2cos?23a +V3sin6a—1=cosb6a+1+V3sinba —1

= ot cos6a + Bsinea) = 2 (sinFcos 6 T sin6
= ECOS a+751n a|)= (SlngCOS a+COSgSln a)

= 25sin (z

6+6oc)

n. cos*2a — 6 cos? 2a sin? 2a + sin* 2«
Solution:

cos* 2a — 6 cos? 2a sin? 2a + sin* 2a = (cos? 2a — sin? 2a)? —
4 cos? 2a sin® 2a = cos? 4a — sin? 4a = cos 8a

0. sin?(135° — 2a) — sin?(210° — 2a) — sin 195° cos(165° — 4a).
Solution:

sin?(135° — 2a) — sin?(210° — 2a) — sin 15°cos(165° — 4a) =
sin?(45° + 2a) — sin?(2a — 30°) — sin 15°cos(15° + 4a) = (sin(45° +
2a) — sin(2a — 30° ))(51n(45° + 2a) + sm(Za — 30°)) — sin 15°cos(15° +

4q) = 2 cos 15" +aa 750 2 sin =24 cos— — sin 15°cos(15° + 4a) =

sin 75° sm(15° + 4a) — sin 15°cos(15° + 4a) = sin(15° + 4a) cos 15° —
cos(15° + 4a) sin 15° = sin(4a)




cos2a—cos 6a+cos10a—cos 14a

sin 2a+sin 6a+sin 10a+sin 14a

Solution:
cos2a — cosb6a + cos10a — cos 14 _ 2 sin 8a sin 6a — 2 sin 8a sin 2«

sin 2a + sin 6a + sin 10« + sin 14a 2 sin 8a cos 2a + 2 sin 8a cos 6«

sin 6a — sin 2«a 2cosdasin2a
= = tan 2a

"~ cos2a + cos 6a - 2cosdacos2a

4. Let A, B and C be angles of a triangle. Prove that

t At B+t Bt C+t Ct A—l
anztan> +tan-tans + tans tans =

Solution:

tan2tan2 + tan2tan < + tanStan’ = tan 2 tan> + tan 2 tan (E —ﬂ) i
2 2 2 2 2 2 2 2 2 2 2

tan (E _ ﬂ) tan2 = tanZtan2 + cotﬂ(tani1 4 tanE) — tanZtanZ +
2 2 2 2 2 2 2 2 2 2

siné cos§+sinE cosé siné sinE sinﬂ sin= sinE+cosﬂ
COtA+B 2 2 2 2 _ 2° 2 COtA+B 2 2° 2 2 — 1
2 cos2 cos N cos2 cosE 2 cosAcosE N cos2 cos N
2 2 2 2 2 2 2 2



