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MATH 7: HOMEWORK 14 
Generalized Vieta’s formulas 

January 29, 2023 
 
1. Solving the complete quadratic equation 

• By completing the square  
“Completing the square” works by using the formulas for fast multiplication  (𝑎𝑎 ± 𝑏𝑏)2 = 𝑎𝑎2 ± 2𝑎𝑎𝑏𝑏 + 𝑏𝑏2 (∗)  
Here is an example how to rewrite the standard form of an equation to factorized form by completing the square:  

𝑥𝑥2 + 6𝑥𝑥 + 2 = 𝑥𝑥2 + 2 · 3𝑥𝑥 + 9 − 9 + 2 = (𝑥𝑥 + 3)2 − 7 = (𝑥𝑥 + 3)2 − �√7�
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 =  �𝑥𝑥 + 3 + √7��𝑥𝑥 + 3 − √7� 
𝑥𝑥 =  −3 − √7, or  𝑥𝑥 =  −3 + √7.  

• By using the quadratic formula.  Steps: for the equation in the standard form  𝑎𝑎𝑥𝑥2 +  𝑏𝑏𝑥𝑥 +  𝑐𝑐 =  0 
List coefficients: 𝑎𝑎 = , 𝑏𝑏 = , 𝑐𝑐 = 

  Find the determinant D:   𝑫𝑫 = 𝒃𝒃𝟐𝟐–𝟒𝟒𝒂𝒂𝒂𝒂 
Check the number of roots (solutions): The determinant, D, determines the number of solutions.  
If D < 0, there are no real solutions; if D = 0, there is one solution, if D > 0, there are two solutions. 

Find the solutions:  𝒙𝒙𝟏𝟏,𝟐𝟐 = −𝒃𝒃±√𝑫𝑫
𝟐𝟐𝒂𝒂

 

2. Generalized Vieta’s formulas  
Last time we looked at Vieta’s formulas for quadratic equations. That is, if 𝑥𝑥1, 𝑥𝑥2 are roots of quadratic polynomial (the 
quadratic equation written in a standard form) 𝑎𝑎𝑥𝑥2 +  𝑏𝑏𝑥𝑥 +  𝑐𝑐 =  0 

                                                        𝒙𝒙𝟏𝟏𝒙𝒙𝟐𝟐 = 𝒂𝒂
𝒂𝒂
    and   𝒙𝒙𝟏𝟏 + 𝒙𝒙𝟐𝟐 = −𝒃𝒃

𝒂𝒂
 

 
In addition to quadratic equations, we can also look at other types of equations: 
• Cubic equations: These are the equations with the 3rd power terms (𝑥𝑥3), generally written as 

𝑎𝑎𝑥𝑥3 + 𝑏𝑏𝑥𝑥2 + 𝑐𝑐𝑥𝑥 + 𝑑𝑑 = 0 
•     4-th power equations: These are the equations with the 4th power terms (𝑥𝑥4), generally written as 

𝑎𝑎𝑥𝑥4 + 𝑏𝑏𝑥𝑥3 + 𝑐𝑐𝑥𝑥2 + 𝑑𝑑𝑥𝑥 + 𝑒𝑒 = 0 
•     other equation of higher power of x . . . 
We are not going to study cubic and other equations of higher power now. It is sufficient to say that there are formulas 
for solving cubic equation (Cardanos Formula), and even formulas for solving equations of the 4th power - but are rarely 
used, and are pretty large. It can also be proven that equations of 5th power of higher do not have a formula, and it is 
impossible to find a formula for them. 

Interestingly, Vieta formulas can be generalized for an equation of any higher power and they work for real and 
complex solutions. Similar to what we did for quadratic equations, if the equation of degree 𝑛𝑛 

𝑝𝑝(𝑥𝑥) = 𝑎𝑎𝑥𝑥𝑛𝑛 + 𝑏𝑏𝑥𝑥(𝑛𝑛−1) + 𝑐𝑐𝑥𝑥(𝑛𝑛−2) + 𝑑𝑑𝑥𝑥(𝑛𝑛−3) +··· +𝑤𝑤 = 0 
 
has 𝑛𝑛 roots 𝑥𝑥1,𝑥𝑥2, . . . , 𝑥𝑥𝑛𝑛, then one can write it as:          𝑝𝑝(𝑥𝑥) = 𝑎𝑎(𝑥𝑥 − 𝑥𝑥1) … (𝑥𝑥 − 𝑥𝑥𝑛𝑛) = 0 
Expanding the right-hand side, we obtain Vieta formulas: 

𝑥𝑥1 + 𝑥𝑥2 +··· +𝑥𝑥𝑛𝑛 = −
𝑏𝑏
𝑎𝑎

 

𝑥𝑥1𝑥𝑥2 + 𝑥𝑥1𝑥𝑥3 +··· +𝑥𝑥2𝑥𝑥3 +···=
𝑐𝑐
𝑎𝑎

 

𝑥𝑥1𝑥𝑥2𝑥𝑥3 + 𝑥𝑥1𝑥𝑥2𝑥𝑥4 +··· +𝑥𝑥2𝑥𝑥3𝑥𝑥4 +···= −
𝑑𝑑
𝑎𝑎

 

. . . 
𝑥𝑥1𝑥𝑥2. . . 𝑥𝑥𝑛𝑛 = (−)

𝑤𝑤
𝑎𝑎

 

That is, in the generalized Vieta’s formulas the sum of all roots is −𝒃𝒃
𝒂𝒂
 , the sum of all possible pairwise products 

of roots is  𝒂𝒂
𝒂𝒂
, etc., until we get to the product of all roots being equal to  𝒘𝒘

𝒂𝒂
  with an appropriate sign. Notice, 

the signs alternate. 

https://en.wikipedia.org/wiki/Cubic_equation#Cardano's_formula
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Homework problems 
 

 
1. Find the roots of the equation 4𝑥𝑥2 − 2𝑥𝑥 − 1 = 0   WITHOUT using the formula for roots of quadratic 

equation. That is, complete the square and use the difference of squares formula to factorize the 
polynomial.  
 

2. What is the sum of the roots of the equation 𝑥𝑥3 − 6𝑥𝑥2 + 11𝑥𝑥 − 6 = 0? What is the product of those 
roots? Could you guess the roots? 
 

3. Without solving the equation 3𝑥𝑥2 − 5𝑥𝑥 + 1 = 0, find the arithmetic mean of its roots (that is   𝑥𝑥1+𝑥𝑥2
2

 ) and 

their geometric mean (that is �(𝑥𝑥1𝑥𝑥2) ). 
 

4. Without solving the equation 𝑥𝑥2 − 12𝑥𝑥 + 19 = 0 find the value of the following expression: 
𝑥𝑥1(1 − 𝑥𝑥1) + 𝑥𝑥2(1 − 𝑥𝑥2). 

 
5. Find all numbers 𝒑𝒑 such that sum of squares of the roots (𝑥𝑥12 + 𝑥𝑥22) of the equation 𝑥𝑥2 − 𝑝𝑝𝑥𝑥 + 𝑝𝑝 + 7 = 0  

is equal to 10. 
 

6. If 𝑥𝑥1, 𝑥𝑥2 are solutions for the quadratic equation 𝑥𝑥2 − 5𝑥𝑥 + 𝑝𝑝2 − 2𝑝𝑝 + 1 = 0, where 𝒑𝒑 is some number, 
find the value of 𝒑𝒑 so that the product of solutions of the equation is minimal. 
 

7. Solve the equation 𝑥𝑥4 − 𝑥𝑥2 − 2 = 0. 
 

8. Solve the equation (𝑥𝑥2 + 2)2 = 6𝑥𝑥2 + 4. [Hint: Of course, you can just use the (𝑎𝑎 + 𝑏𝑏)2 formula. 
Alternatively, one of the ways to solve it is to assume that 𝑡𝑡 = 𝑥𝑥2 + 2. Then the equation can be rewritten 
as a quadratic equation with 𝒕𝒕 as a variable.] 

 
9. In a right-angle triangle, one leg is 4 inches shorter than the hypothenuse, and the other leg is 2 inches 
shorter than the hypothenuse. Find the length of the hypothenuse. 
 
10. (*) Find all numbers 𝒑𝒑 and q such that the equation 𝑥𝑥2 + 𝑝𝑝𝑥𝑥 + 𝑞𝑞 = 0 has solutions p and q. {Hint: use 

Vieta’s formulas] 


